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Abstract 

In this paper a quasi-linear elliptic equation in the whole Euclidean space is considered. The 
nonlinearity of the equation is assumed to have exponential growth or have critical growth in 
view of Trudinger-Moser type inequality. Under some assumptions on the potential and the 
nonlinearity, it is proved that there is a nontrivial positive weak solution to this equation. Also it 
is shown that there are two distinct positive weak solutions to a perturbation of the equation. The 
method of proving these results is combining Trudinger-Moser type inequaUty, Mountain-pass 
theorem and Ekeland's variational principle. 
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1. Introduction 

Let Q. c M'^ be a bounded smooth domain. There are fruitful results on the following problem 

C -ApU = f{x, u) in O 



u E Wo'''(Q), 



(1.1) 



where ApU = div(|VM|''-2vM). When p = 2 and \f(x, u)\ < c(\u\ + \u\i-^), I <q<2* ^ 2N/(N-n 
N >3. Among pioneer works we mention Brezis Brezis-Nirenberg fioll. Bartsh-Willem lH 



and Capozzi-Fortunato-Palmieri ifisll . For p < N and < N, Garcia- Alonso generalized 
Brezis-Nirenberg's existence and nonexistence results to p-Laplace equation. When Q. = R'^ and 
p = 2, one may consider the semilinear Schrodinger equation instead of (II. lb : 

-Am + Vix)u = fix, u) in R'^ 

(1.2) 

u 6 W'''^(R'^), 

where again |/(ji:, m)| < c(\u\ + |m|''"'), I < q < 2* - 2N/(N - 2). Many papers are devoted 
to ( II. 2j) . we refer the reader to Kryszewski-Szulkin ll25ll . Alama-Li Ding-Ni UtIi and Jean- 
jean I124I1 . Sobolev embedding theorem and the critical point theory, particularly moumtain-pass 
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theorem would play an important role in studying problems dl.ll ) and il.2i since both of them 
have variational structure. When p - N and f{x, u) behaves like " as \u\ — > oo, problem 

(1.1) was studied by Adimurthi |2], Adimurthi-Yadava|4], Ruf et al |[ll[ii], J. M. do 6 HI], 
Panda 130(1 and the references therein. To the author's knowledge, all theses results are based on 
Trudinger-Moser inequality l28>.3Li341 and critical point theory. 

In this paper we consider the existence of positive solutions of the quasi-linear equation 

- ^NU + VixM'^-^u = ^^P:^-, xeM!' (N> 2), (1.3) 
\xf 

where A^u - d\M(\Vu\'^^^Vu), V : M.^ — > M is a continuous function, fix, s) is continuous in 
X M and behaves like g"*""" " as 5 ^ +oo, and Q < p < N . Problem ( ll.3l l can be compared 
with (11.2b in this way: Sobolev embedding theorem can be applied to (11.2b . while Trudinger- 
Moser type embedding theorem can be applied to (11.3b . When y6 = 0, problem ( 11.3b was studied 
by D. Cao in the case = 2, by Panda dzJ^T M. do 6 iH] and Alves-Figueiredo ^ 
in general dimensional case. When < p < N, problem ( 11.3b is closely related to a singular 
Trudinger-Moser type inequality, namely 



Theorem A (|5]). For all a > Q,Q < (3 < N, and u e W^'^iW^) (N > 2), there holds 

-dx<oo. (1.4) 



r 

Jr' 



\xf 

Furthermore, we have for all a <{\ - j^^^a^ and t > 0, 

^ 2-ik= - 

/,«(iv«r+Ti«rwx<i -'r" i^r 

This inequality is sharp : for any a > ^1 — ^) afj, the supremum is infinity. 



— dx < oo. (1.5) 

_N 



This theorem extends a result of Adimurthi-Sandeep |3] on a bounded smooth domain. When 
P - and T = 1, ( 11.51 ) was proved by B. Ruf in the case N-2 via symmetrization method and 
by Li-Ruf lE6ll in general dimensional case via the method of blow-up analysis. When p - 
and a < on, (11.5b was first proved by Cao fl2'l in the case N-2, and then by Panda ^29], J. M. 



do O lllSll in general dimensional case. A similar but different type inequality was obtained by 



Adachi-TanakaH- 

We assume the following two conditions on the potential V{x): 



(Vi) V{x) > Vo > in for some Vq > 0; 
(V2) The function belongs to L«^(R^). 

As for the nonlinearity f{x, s) we suppose the following: 



(Hi) There exist constants ao, ^1, ^2 > such that for all (x, s) e R'^ x R+, 

„|A'/(«-l) 



\f{x, s)\ < bis""-' + b2 - SM-2(ao, s)} ; 

2 



(H2) There exists ii> N such that for all jc e and s > 0, 

< ijF(x, s) = /j I f(x, t)dt < sf(x, s); 
Jo 

(i/3) There exist constant Rq, Mq > such that for all x € and s > Rq, 

Fix, s) < Mofix, s). 

Define a function space 

E^LeW^'^iR'^): f VixM'^dx < oo\ . (1.6) 
We say that m € £ is a weak solution of problem ( 11.31 1 if for all tp e E we have 
1 (\Vuf-^WuVifi + V(x)\uf-\ip)dx^ f ^^^'f' lpdx. 
The assumption (Vi) implies that £ is a reflexive Banach space when equipped with the norm 

\\u\\e = I j^^ (IVm^ + V(x)\uf)dxy (1.7) 
and for any q > N, the embedding 

is continuous. However (V2) together with (Vi) implies that E ^ ViM.^) is compact for all 
^ > 1 (see Lemma 2.4 below). Surprisingly the assumption {V2) is much better than 

(Vj) V(x) -> +00 as |x| +00, 

since (Vi) together with (VQ only leads to the compact embedding E '-^ L^(R'^) for all ^ > 
(see for example Costa 1 14j for details). This is the case in islUlD- However in this paper our 
argument of proving main results seriously depends on the compact embedding E ^ UiM.^) for 
all^ > 1. 

For any /3 : < /3 < N, we define a singular eigenvalue for the A^-Laplace operator by 

M\e 

inf ,^ ■ (1.8) 
It is easy to see that Ap > 0. Write m(r) = sup| V(x) and 

"0 ' 

where q-q is given by (Hi). If V{x) is continuous and (Vi) is satisfied, then m(r) is a positive 
continuous function and Ai can be attained by some r > 0. 
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One of our main results can be stated as follows: 



Theorem 1.1. Assume that V{x) is a continuous function satisfying (Vi) and (V2). f '■ M.^ x M — > 
M is a continuous function and the hypothesis (Hi), (H2) and (H^) hold. Furthermore we assume 

(H4) lim sup^^()_|_ ^^^^^ < A/s uniformly with respect to x E R^; 

(Hs) lim inf. 5^+00 sf(x, s)e"°'»^" = > M uniformly with respect to ;c e M.^ . 

Then the equation ULSi has a nontrivial positive mountain-pass type weak solution. 

Here and throughout this paper, we say that a weak solution u is positive if u(x) > for 
almost every x € R^. It should be pointed out that M is not the best constant in (H^). It would 
be interesting if one can find an explicit smaller number replacing Ai. 

In Jsl, Theorem A has been employed to study a perturbation of the equation (ll.3l l. namely 

- Anu + Vix)\uf-^u = l^-l^ +eh, xe R'^ (A^ > 2), (1.10) 

\xf 

where e > is a constant and h : R^ ^ R is a function belonging to E*, the dual space of 
E. If V{x) satisfies (Vi), (Vp, and f(x, s) satisfies (Hi) - {H4), then it was shown in ISJ that 
when e > is sufficiently small and h ^ 0, the problem ( ll.lOl l has two weak solutions: one is 
of mountain-pass type and the other is of negative energy. But we can not conclude that the two 
solutions are distinct. In this paper, replacing (V^ by (V2) and imposing additional condition 
(7/5), we can prove that the above two solutions are distinct, namely 

Theorem 1.2. Suppose that f(x, s) is continuous in R^ x R and (Hi ) - (H^) hold. V(x) is contin- 
uous in M.^ satisfying (Vi ) and (V2), h belongs to E*, the dual space ofE, with h > and h ^ 0. 
Then there exists eo > such that ifO < e < eo, then the problem M.1(M has two distinct positive 
weak solutions. 

The proof of Theorem 1 . 1 and Theorem 1 .2 is based on Theorem A, the mountain-pass 
theorem without the Palais-Smale condition |32] and the Ekeland's variational principle iSSf . 
which were also used in lf5[ l2lll . Let us make some reduction on problems ( 11.31 ) and ( 11.101) . Set 

f 0, f{x,s)<0 

/(x,^) = 

{ f{x,s), f{x,s)>Q. 

Assume m e £ is a weak solution of 

«r 1 fix, U) 

-ANU-t-V(x)\uf-^u^^---^ + eh, (1.11) 

\xf 

where h>Q and e > 0, then the negative part of u, namely 

( 0, u(x) > 
U-(x) — < 

[ u(x), u(x) < 
4 



belongs to the function space E and satisfies 



r (ivm- 



/ 



— M_dx + e I nu-dx 



Jr." 



dx < 0. 



^ and thus m is a positive weak solution of (II. lib . This 
It follows that /(x, u) - f(x, u). Therefore u is also a 



Hence m_(x) = for almost every x e I 
together with {H2) implies fix, u) > 
positive weak solution of ( 11.101 ). When h - 0, ( II. 10b becomes ( 11.3b . Based on this, to prove 
Theorems 1 . 1 and 1 .2, it suffices to find weak solutions of ( 11.31 ) and ( II. 10b with / replaced by / 
respectively. So throughout this paper, we can assume without loss of generality 



fix, s) = 0, < 0. 



(1.12) 



Before ending this introduction, we would like to mention that results similar to Theorem 
1.2 in two dimensional case, i.e. N-2, was obtained by J. M. do O 12 ill . Similar problems 
for bi-Laplace equation in M** was considered by the author in [3^. For compact Riemannian 
manifold case, we refer the reader to ll22ll37ll . Also it should be remarked that results obtained 
in isl] and in the present paper still hold if there is only the subcritical case of ( 11.5b . namely for 
any or < (1 - /3/N)aM and t > 0, 



sup 



/ 



„|„|lv/(A'-n _ „A,_2 a'|H| 



,i:|,,|tlV/(A'-l) 



\xf 



-dx < 00. 



In fact, in I?, 12, 18, 2^, all the contributors only used the above subcritical inequality. 



The remaining part of this paper is organized as follows: In section 2, we display several 
key estimates in later compactness analysis. In section 3, we consider the functionals related to 
problems (11.31 ) and ( ll.lOb . Finally Theorem 1.1 is proved in section 4 and Theorem 1.2 is proved 
in section 5. 



2. Key estimates 

In this section we will derive several technical lemmas for our use later. For any integer 
N > 2 and real number s, we define a function ^ : N x R ^ R by 

N-2 1^ CO 

k=a k=N-i 

Lemma 2.1. Let s > 0, p > I be real numbers and N > 2 be an integer Then there holds 

iCiN,s)Y <aN,ps). (2.2) 
Proof. We prove (12.2b by induction with respect to A^. Define a function 



4>is) = ie' - ly - ie"' - 1). 
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It is easy to see that for ^ > and p > 1, 

(p'(s) = pie' -ly-'^ -peP' < 0. 

Hence (p{s) < <p{0) = and thus (12.21 1 holds for N - 2. Suppose (12.2b holds for N>2,we only 
need to prove that 

(^(A^+ l,s)y' < (iN+ l,ps). 



For this purpose we set 
A straightforward calculation shows 



N-l lY 



N-l 



(psf 

k\ 



N-l t 



\p-i 



A=0 



V k=i 



(k-iy. 



k=l 



k-l 



N-\ 



V k=\ 



(k-\)\ 



— {psf ' 



^-2 



i:=I 
k\ 



<0. 



(2.3) 



Here we have used the induction assumption (A^, s)y < ((N, ps). Thus i//(s) < ipiO) - for 
s >Q, and whence ( 12.31 1 holds. Therefore (12.2b holds for any integer N >2. □ 



Lemma 2.2. For all N > 2, s > 0, t > 0, /j > I and v > 1 w/f/i 1 /;U + 1 /v = 1, f/zere /zoWs 



Proof. Observing that 



^(A^, s + t)< -{(N,iJs) + -({N, vt). 



and when > 4, 



iV-4 i 
5* 



we conclude that ^(A^, s) is convex with respect to s for all A^ > 2. Hence 



1 



1 



(^{N, s + t)^nN, -US + -vf < -({N,ns) + -^(A^, vt) 



1 



1 



This concludes the lemma. 



□ 
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V 



Ji- I \Wn- Wol ^""--'^ 

N,nil + e)a^(l -I3/N)p\\w„ - wqII^ {-^ j- 

\\\w„-Wq\\e 



Lemma 2.3. Let (w„) be a sequence in E. Suppose \\w„\\e = 1, w„ — ^ wo weakly in E, w„{x) 
wo(x) and Vw„(x) — > Vwoix) for almost every x e M". Then for any p : < p < (i-||n. ||A')1/(A'-i) 

/- 4'(A^,«iv(l -y6/A^);?|w„|A) 
sup ^ — '-dx<oo. (2.4) 

Proof. Noticing that 

\w„\T^ = \w„ - Wo + wo\^ < (1 + £)\w„ - wo\^ + c(e)\wQ\T^, 
we have by using Lemma 2.2 

^{N,aN(l -j3/N)p\w„\^) < ^({n,h(1 + e)aw(l -/3/N)p\w„ - wo\^) 

< ^ 

+f (a?, vc(e)aw(l -^mp\wo\^) , 

where p > I, v > I and + 1/v = L By Brezis-Lieb's Lemma J^, 

IK-w„||^ = l-||wo||^ + o„(l), 

where o„(l) —> as «—> oo. Hence for any p : < p < (i_]|h.„||!v)1/(a--i) ^ one can choose e > 
sufficiently small and p> I sufficiently close to 1 such that 

ju(l + e)aw(l -/3/N)p\\w„ - woWf" < a^d -/S/N). 
Now (12.41 ) follows from Theorem A immediately. □ 

Lemma 2.4. Assume V : x M — > R is continuous and (Vi), (V2) hold. Then E is compactly 
embedded in UiM.^) for all q> \. 

Proof. By (Vi), the standard Sobolev embedding theorem implies that the following embedding 
is continuous 

E ^ W^-'^(M.^) ^ L'?(E^) for all N <q<oo. 
It follows from the Holder inequality and (V2) that 



f \u\dx < i [ -^dx] i [ V\u\'^dx] < i [ -^dx 



m\E- 



For any 7 : 1 < y < A^, there holds 



r \u\'^dx < r (|mi + \u\^)dx < ( r -^dx 



I|m||£ + -rrM\l, 



where Vo is given by (Vi). Thus we get continuous embedding E ^ L^(R'^) for all <7 > 1. 

To prove that the above embedding is also compact, take a sequence of functions (uk) c E 
such that IIm^II^ < C for all k, we must prove that up to a subsequence there exists some u e E 
such that Uk convergent to u strongly in WiM.^) for all ^ > 1. Without loss of generality we may 
assume 

' Uk ^ u weakly in E 

Uk^u strongly in > 1 (2.5) 

Uk ^ u almost everywhere in M'^. 
In view of (V2), for any e > 0, there exists R> Q such that 

i-i/w 



(f ^4 

\J|a1>r V~ I 



< e. 



Hence 

r \uk - u\dx < ( r -^dx\ ( r VlMl'^t/jc) < eWuk - u\\e < Ce. (2.6) 

J|.vl>R \Jr« V~ I \Jr" / 

Here and in the sequel we often denote various constants by the same C. On the other hand, it 
follows from ( l231 l that u strongly in L\Mr(0)), where Mr(0) c K'^ is the ball centered at 
with radius R. This together with ( 12.6b leads to 



lim sup I \uk - u\dx < Ce. 

/t->oo JrA" 



Since e is arbitrary, we obtain 



lim I \uk - u\dx - 0. 



f 

For > 1, it follows from the continuous embedding E ^ U(M.^) (s > 1) that 
I \uk-u\''dx - I \uk - u\T-\uk - u\^''^'-^dx 



< I \uk — u\dx\ I |Mjt - m|^* 'c/jcI 
\Jr« / \Jr« 

,1/2 

< C I I I Mi: - — > 



\Jr« 



as ^ —> 00. This concludes the lemma. □ 



3. Functionals and compactness analysis 

3.1. The functionals and their profiles 

As we mentioned in the introduction, problems ( 11.31 ) and ( 11.101 ) have variational structure. 
To apply the critical point theory, we define the functional 7/; ^ : £ — » R by 

J B,e(u) - -^WhWI - f ^[^if' dx - e f hudx, 
N " Jr« \x]p Jr« 



where e > 0, < f) < N, \\u\\e is the norm of m e £ defined by ( 11.71 ) and F(x, s) - f(x, t)dt is 
the primitive of f(x, s). Assume / satisfies the hypothesis (//i). Then there exist some positive 
constants ai > ao and b3 such that for all {x, s) €R^ x R, F{x, s) < h({N, o-i \s\'^'^^-^^). Thus 
J/3, e is well defined thanks to Theorem A. In the case e = 0, we denote Jj3fl for simplicity by 

m^-M,-j^^^dx. 

The profiles of the functionals 7/; ^ and J(u) are well described in the following lemma. 

Lemma 3.1. Assume (Vi), (Hi), (H2), (H^) and{H^) are satisfied. Then (i) for any nonnegative, 
compactly supported function u € \ {0), there holds J0f;(tu) —> -00 as t —> +00; (//) 

there exists ei > such that when < e < ei, one can find r^, i}^ > Q such that Jp^eiu) > for 
all u with \\u\\e — r^, where r^ can be further chosen such that r^ ^ as e ^ 0. When e = 0, 
there exists 6 > and r > such that J(u) > 6 for all \\u\\e — r; (Hi) assume e > and h t 0, 
there exists a constant t > such that ifO<t<T, then inf||„||g<, Jp^eiu) < 0. 

Proof. We refer the reader to (fs*). Lemmas 4.1, 4.2 and 4.3) for details. It is remarkable that we 
can also apply Lemma 2.1 and Lemma 2.4 instead of decreasing rearrangement argument in the 
proof of ([iSi], Lemma 4.2) and thus simplify it. □ 

To use the critical point theory, we need some regularity of the functionals 7/? ^ and /. In fact, by 



Proposition 1 in H21I1 and standard arguments (see for example II32I1 ). one can see that both 7, 



and / belong to C'(£', R). A straightforward calculation shows 

(7'(m),0)= f {\Vuf-^VuV^ + V\u\'^-^u(l))dx- f -^^-^(pdx, (3.1) 

{Jg^(u),(P)= f (\Vuf-^VuW4> + V\uf-^u(l>)dx- f -^^-^(pdx - £ f hcpdx (3.2) 
Jr" ^ ' Jr" \xf Jra- 

for all <p e E. Hence weak solutions of ( 11.3b and ( II. 10b are critical points of J and e respec- 
tively. 



3.2. Min-Max value 



In this subsection, we prepare for estimating the min-max value of the functionals J and 
Jr^. The idea is to construct a sequence of functions M„ e E and estimate max7(fM„) and 

max Ja e{tM„). Recall Moser's function sequence 

r>0 



Mnix, r) = 



(log n) 

(log „)!/«' 

0, 



\x\ < r/n 
r/n < |x| < r 



\x\ > r. 



Let M„(x, r) = -J—M„{x, r). Then M„ belongs to E with its support in B,.(0) and ||M„||£ = 1. 



Lemma 3.2. Assume V{x) is continuous and iV\) is satisfied. Then there holds 

\\Mn\\l<l^'^('^-^r^^oAl)\ (3.3) 
where m(r) — max V{x) and o„(l) — > oi « — > oo. 

|Ai<C 

Proof. It is easy to calculate 

r ivM„rt/x=^ r — dx^i. 

Integration by parts gives 

l(^) (log«f + J '^""'Kt) ''^ 



Hence 



and thus 



-a)N-\ 



(jV-l)(jV-2)---3 ^, 2 
+ ■■• + ^^^^5 

(A?-l)! r M-i. 



(N-iy. ^ ," 



IMj'^t/x = ^— f (logn)^-'t/x+ ^— r 

WW-I J\x\<r/n '^N-l j!-<\x\'. 



^W-I J|A:|<r/n ^A^-I J^<lAi<r log « 



\n/ logn Ji<|,|<r\ \x\j 

log n\ I 

\\M„fE = r |VM„rflfx+ r yW|M„rafx 

Jr" Jr« 

< 1 + OT(r) I |M„|^c/x 

log n\ j 
This is exactly ( 13.3b . □ 
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Lemma 3.3. Assume iV\), (Hi), (H2), and (Hs). There exists some n e N such that 

max7(.M„)<l(^^r'. (3.4) 

Furthermore for the above n there exists some e* > and 6* > Q such that ifO <£<£*, then 

max7^,,(fM„)< - — -6'. (3.5) 

Proof. We first prove ( 13.4b . By (7/5) and ( ll.9l l (the definition of Ai), there exists some r > 
such that 

fS, > (3.6) 
"0 ' 

Suppose by contradiction that for all n e N 

max7(fM„)>i(^^r- (3-7) 



t:!>{^^] ■ (3.8) 



t>o N \ N ffo 

By (0 of Lemma 3.1, V« e N, there exists t„ > such that 

J{t„M„) = max J{tM„). 

Thus ( 13.71 1 gives 

Noticing that F{x, •) > 0, we have 

N ao) 
It is easy to see that at f = f„, 

d (t^ r F(x,tM„) \ _ 

or equivalently 

„ r t„M„f(x,t„M„) 

r„ = r-;z dx. (3.9) 

By (Hs), V77 > 0, 3R,; > such that for all jc € M'^ and m > R,j 

uf(x,u)>(J3o-r])e"«^"^^. (3.10) 
By Lemma 3.2, when |jf| < ^, we have 

1 log n 



(x, r) > 



•^W-l A'-l log" V 'V" 



= w/i' log«-w/i'm(r)^^^r^ + o„(l). (3.11) 
11 



Hence we have by combining ( 13.9b and (13.101 1 that 

paa\l„M„\T^ 

)\x\ 



t^„ > (15,-11) \ I I, dx 

= - n) \ — dx 

•J\x\<-^ 



g.vo.;„_V/,P(log«-m(r)l^^/'+o„(l)) 



This yields that t„ is a bounded sequence. In view of ( 13.81 1. we can also see from ( 13.12b that 



For otherwise there exists some i5 > such that for sufficiently large n 



"I N aj 



Thus 

aou'^tr >N-/3 + aoc^'J^d 



and whence the right hand of ( 13.12b tends to infinity which contradicts the bounded-ness of f„. 
Now we estimate /5q. It follows from ( 13. 9b and (13.10b that 

4 > 03o-/?) dx+ — dx 

J\x\<r \xr Jt„M„<R„ \xf 

n oo\t„M„\TrT 

-(/3o-r]) dx. (3.14) 

J/„M„<«„ \xf 



Since M„ almost everywhere in M^, we have by using the Lebesgue's dominated conver- 
gence theorem 

t„M„f(x, t„M„) 

-dx = 0, (3.15) 



hm r 

"^■^ Jl„M 

lim r T— t/jc = r — -dx - ^ ' . (3.16) 



Using ( ITST l. 



Ji.vi<r |jcr Ji.vki \xr J^<\x\<r \xr 
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On one hand we have by (13.1 U 



N -I3\ni 



On the other hand, by definition of M, 

Ji<W<r \xf Jl<| 



„(A'-/S)((log«r""||M„|t' log j^)^ 

dx 



x\<r \xr Jj,<\x\<r 

<logn)'-""||M„|t' 



COn-1 



(x)N-\l 



xr'-P (log«)'/'^||M„|b 
Jo 

g(A'-/S)jA-(W-/j)||M„||£(log«)'/«i^^ 
Hlog«)'-"''||M„||£i 

Jo 



-(iV-^)||M„||£(log«)"«s^^ 
^1 _ g-{N-P)\ogny 



N-/3 

Here we have used the change of variable f - re"ll'^"ll'^*'°="*''''* in the third equality. Hence we 
obtain by passing to the hmit «—> oo in ( I3.17l i 



X\<r N-/3 \ I 



This together with (I3.13b -( l3.16b implies 



N ao ) N - fi 

Since 7/ > is arbitrary, we have 

(jV 

This contradicts (13.61 1 and ends the proof of (13.4b . 

Secondly it follows from (13.4b and the definition of Jp^f, that (13.5b holds. □ 
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3.3. Palais-Smale sequence 



In this subsection, we will show that the weak limit of a Palais-Smale sequence for Jp ,: is the 
weak solution of ( II. 10b . (Respectively the weak limit of a Palais-Smale sequence for / is also 
the weak solution of ( 11.31 ).) 

Lemma 3.4. Assume that iV\), (V2X (^^iX {Hi) and (i/3) are satisfied. Let (u„) c E be an 
arbitrary Palais-Smale sequence of Jjj ,,, i.e., 

Jl3,e(u„) — > c, J'p^{u„) ^ in £■* as « ^ 00, (3.18) 

where E* denotes the dual space of E. Then there exist a subsequence of (u„) ( still denoted by 
(u„)) and u € E such that weakly in E, u„ ^ u strongly in L''{M.^) for all q> \, and 

Vu„(x) Vm(x) a. e. in 

/(^ ^ strongly in L^M^) 

^ ^ ^ strongly in LHR\ 

Furthermore u is a weak solution of U.lOh The same conclusion holds when e — 0. 

Proof. Assume (m„) is a Palais-Smale sequence of T/j ^. By ( 13.181 ). we have 

— ||m„||f - r —^-^r—dx-e f hundx ^ c as n ^ 00, (3.19) 



r (\Vu,f'^Vu„'^tl/+V\u„f'^u„iff)dx- f ^^—^i//dx-ef hij/dx 

Jr« ^ ' Jr" \w Jra- 



<T„||iAll£ (3.20) 



for all if/ e E, where t„ —> as n ^ 00. Noticing that ( 11.12b . we have by (H2) that < 
fj.F(x, u„) < u„f(x, u„) for some jj. > N. Taking if/ = u„ in (13.20b and multiplying ( 13.191 ) by fj., we 
have 

1^1 A,, .,N ^ (1^ ,\|| ,,N C f^Fjx, U„) - fix, Un)u„ 
< H\C\ + Tn\\u„\\E + (yU + l)e||/z||£. IImJIe 

Therefore ||m„||£ is bounded. It then follows from (13. 19b . (13.20b that 

Jr« \xr Jra- \xf 

for some constant C depending only on yu, and ||/i||£>. By Lemma 2.4, up to a subsequence, 
u„ —> u strongly in L'^iR.^) for some u e E,'iq > 1 . This immediately leads to Un ^ u almost 
everywhere in K". Now we claim that up to a subsequence 



lim ( 



\f(x,u„)-f(x,u)\^^^^_ (3.22) 



\xf 

In fact, since f{x, ■) > 0, it suffices to prove that up to a subsequence 



r fix, u„) r fix, u) 

1™ I ifi ^-^ = 1™ I .a dx. (3.23) 
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Since u, ^ E lI(M^), we have 

lim r ^^—^dx = 0. 



Let C be the constant in (13.21b . Given any 6 > 0, one can select some M > C/S such that 

fix, u) 

J\u\>M 

It follows from ^32^ that 



/ 

J\u\-i 



Ja;<(5. (3.24) 

xf 



For all X e {x e M.^ : \u„\ < M], by our assumption (Hi), there exists a constant Ci depending 
only on M such that \f(x,u„(x))\ < Ci\u„(x)\'^-\ Notice that |xr^|M„|'^-' ^ Ijcr^lwl'^-' sti'ongly 
in L'(M'*') and u„ ^ u almost everywhere in R'^. By the generalized Lebesgue's dominated 
convergence theorem, we obtain 

r f{x,u„) r f{x,u) 

1™ I ,« dx^ ———dx. (3.26) 

Combining ( 13.241 ). (13.251 ) and ( 13.261 ). we can find some K > Q such that when n > K, 



r fix, u„) _ r f{x,u) 



< ?>5. 



Hence ( 13.231 1 holds and thus our claim (I3.22l i holds. By (Hi) and (i/3), there exist constants c\, 
C2 > such that 

F(X, Un) < Ci \u„f + C2f(x, U„). 

In view of ( I3.22l i and Lemma 2.4, it follows from the generalized Lebesgue's dominated conver- 
gence theorem 

r \F{x, u„) - Fix, u)\ 
lim ( dx - 0. 

Using the argument of proving (4.26) in |5], we have Vm„(jic) — » Vu(x) a. e. in R'^ and 

\Vunf'^^Un^\^uf-^^u Weakly in [LT^{M.^)f . 
Finally passing to the limit « ^ 00 in (I3.20l i. we have 

r i\Vu\^~^VuVil/+V\uf-^uil/)dx- \ ^^-^tl/dx-e f hij/dx^O 

for all i// e C^(M.^), which is dense in E. Hence m is a weak solution of dl.lOb . After checking 
the above argument, e need not to be nonzero, i.e. the same conclusion holds for J. □ 

Remark 3.5. Similar results of Lemma 3.4 was also established by J. M. do O in two dimensional 
case L2Q1 and by the author for bi-Laplace equation in four dimensional Euclidean space Ii361 . 
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4. Nontrivial positive solution 



In this section, we will prove Theorem 1.1. It suffices to look for nontrivial critical points of 
the functional J in the function space E. 



Proof of Theorem 1.1. By (/) and (//) of Lemma 3.1, J satisfies all the hypothesis of the mountain- 
pass theorem except for the Palais-Smale condition: J e C^iE, R); 7(0) = 0; J{u) > 6 > Q when 
I|m||£ = J{e) < for some e e E with \\e\\E > r. Then using the mountain-pass theorem without 
the Palais-Smale condition |32], we can find a sequence (m„) in E such that 



where 



J(u„) ^ c> 0, J'(u„) ^ in E*, 



c - minmax7(M) > 6 



is the min-max value of J, where T = {y € C([0, l],^) : yiO) - 0,7(1) - e}. By (13.11 1. this is 
equivalent to saying 



r i\Vu„f-^Vu„Vi// + V\u„f-^u„iff)dx- f ^^^^il/dx: 
Jr«^ ^ Jr« \xf 



F(x, u„) 
\xf 



< T„ 



(4.1) 
(4.2) 



for all iff e E, where t„ — > as « ^ oo. By Lemma 3.4, up to a subsequence, there holds 

i„ ^ u weakly in E 

u strongly in L'?(M'^), > 1 



Jr" \xf Jr« \xf 

M is a weak solution of ( 11.3b . 



(4.3) 



Now suppose by contradiction m = 0. Since F{x, 0) = for all x e 
(1431) that 



^, it follows from (14. Il l and 
lim ||m„H™ = A^o 0. (4.4) 

Thanks to the hypothesis (i/s), we have < c < ^ applying Lemma 3.3. Thus 

there exists some 770 > and K > such that ||m„||^ < (^^^ - Ho) for all n > K. Choose 

N 

q > 1 sufficiently close to 1 such that ^aollMnllg ' < (1 -PIN)aN - aoT]o/2 for all « > A^. By (Hi), 

\f(x,u„)u„\ < bi\u,f + b2\u„\^{N,aoK\T^), 
where the function ^(s ■) is defined by ( 12. 11 1. It follows from the Holder inequality. Lemma 2.1 
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and Theorem A that 



r \f{x,u„)u„\ ^ r \u,r r Ki^^^^aoKh-- j 

< t f ^^dx+b if i^rfxV^'f r 



^ ''1 I , ,„ dx + C\ I , ,„ — > as « — > oo. 



Here we used ( I4.3l l again (precisely u„ —> uin U(M.^) for all > 1) in the last step of the above 
estimates. Inserting this into ( 14.21 ) with = m„, we have 



— * as « — > oo, 

which contradicts ( I4.4l i. Therefore m ^ and we obtain a nontrivial weak solution of il.3\ . □ 



5. Multiplicity results 



In this section we will prove Theorem 1.2. The proof is divided into three steps, namely 

Step 1. Let £i be given by (ii) of Lemma 3.1, and e* , 6* be given by Lemma 3.3. Then when 
< e < ei, there exists a sequence (v„) C E such that 

JflJVn)^CM, J'fjjyn)^0, (5.1) 

where Cm is a min-max value of Jp ,:. Let — min{ei, e*}. Then when < e < 62, vve can take cu 
such that 

1 lN-f3a^^-' 
< Cm < — — d . (5.2) 



N\ N ffo 

In addition, up to a subsequence, there holds v„ um weakly in E, and um is a weak solution of 

Proof. By (0 and {ii) of Lemma 3.1, when < e < ei, Jp^^ satisfies the following condition: 
Jp^f: G C'(£',M); //3,e(0) = 0; Jp^eiu) > i?^ > when ||m||£ = r^; Jp^eie) < for some e e E with 
I jell > max{rf, 1). Then using the mountain-pass theorem without the Palais-Smale condition 
13211 . we can find a sequence (v„) in £ such that 

Jp,i{vn) ^ cm>0, J'p^{v„) ^ Q m E* , 

where 

Cm - minmax7g£(M) > §^ 

yer i/ey 

is a min-max value of 7/? 5, where T - [y e C([0, 1},E) : 7(0) = 0,7(1) = e). Clearly i5.2i 
follows from Lemma 3.3. The last assertion follows from Lemma 3.4 immediately. □ 



17 



Step 2. Let be given by (ii) of Lemma 3.1 such that ^ as e ^ 0. There exists 63 : < 
63 < 62 such that ifQ<e<e-i, then there exists a sequence (u„) C E such that 

JfsjMn) Cc inf Jp,e{u) (5.3) 

ll«ll£<'-e 

and 

J'l3,,(_u„) -^Q in E* as n — > 00, (5.4) 

where Cf < and — » ai e — > 0. In addition, up to a subsequence, there holds u„ — > mq 
strongly in E, and mq is a weak solution of U-lOi with J/j^Juq) — c^. 

Proof. Let r^ be given by (//) of Lemma 3.1, i.e. J^^eiu) > )?e > for all u with \\u\\e - r^. Since 
— > as e — > 0, one can choose 63 : < 63 < 62 such that when < e < 63, 

— n-^ — • (5.5) 



By (H\) and (H2), we have 

F{x,u) < bM"" + b2\u\i[N,ao\\u\\f ''-'U\u\l\\u\\Ef^'^''-'^). (5.6) 

Here again ^i-, ■) is defined by (O). When ||m||£ < r„ we have arol|M||£^*'^"'^ < (1 -/3/N)aN. It 
then follows from Lemma 2.1 and Theorem A that F{x, u)/\xf is bounded in L''(R^)nL^{M.^) for 
some p > I when ||m||£ < r^. Hence J/s ,r has lower bound on the ball Br^ - [u e E : \\u\\e < r^]. 

Since the closure of B,-^, Z?,-^ c £ is a complete metric space with the metric given by the norm 
of E, convex and Jp^^ is of class C' and has lower bound on B,^. By the Ekeland's variational 
principle llssll . there exists a sequence (m„) c B,^ such that ( 15.3b and ( I5.4l i hold. 

By {Hi) of Lemma 3. 1, < 0. Since — > as e ^ 0, noticing (15.6b . we have by using the 
Holder inequaUty and Lemma 2.4 

r F{x,u) r 

as e — > 0. This implies — > as e — » 0. 

Now we are proving the last assertion. Assume u„ mq weakly in E. (15.4b is equivalent to 

\{J'p,Mn),4>)\<TnU\\E, "^(peE, (5.7) 

where t„ — > as n — » oo. Recalling ( 13.21 ) and choosing (f) - u„ - uq in ( 15.7b . we have 

X(|Vm„|'*'"^Vm„V(m„ - Mo) + V(x)\u„\^^^u„(u„ - uoUdx 

Xf{x, u„) f 
— —^(un-uo)dx-e\ h(u„ - uo)dx - On(l), 
N \Xf Jr« 

where o„(l) —> as n ^ oo. Holder inequality together with ( 15.5b . Theorem A and Lemma 2.4 
implies that 

Xf(x, u„) r 
— ---r—(u„-uo)dx-o„(l), e h(u„-uo)dx - Onil). 
N \Xf Jr« 
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Hence 

(|Vm„|'^"^Vm„V(m„ - Mo) + V{x)\u„f''^u„(un - Mo)) dx - o„(l). (5.8) 



/ 



On the other hand, since m„ ^ mo weakly in E, we obtain 

(IVmoT^^VmoVCmh - Mo) + VWlMo^^^MoCMn - Mo)) dx - o„(l). (5.9) 



r 



Subtracting ( 15.91 ) from ( 15.81 1. using a well known inequality (see for example Chapter 10 of 11271] ) 

2^-^\b-af <{\bf-^b-\af-^a,b-a), Va, 6 R^, (5.10) 

we obtain ||m„ - moH^ — » and thus m„ ^ mq strongly in £ as « ^ oo. Since Jp ,: e C^(E, W), there 
hold Jfi^^iuo) = and J'^Jiuo) - 0, i.e. mo is a weak solution of ( II.IOI ). □ 

Step 3. There exists eo : < eo < ^3 such that ifO < e < eo> then um ^ mo. 

Proof. Suppose by contradiction that um = uq. Then v„ uq weakly in E. By (15.1b . 

J/sJVn)^CM>0, K/;,,(V„),0)| <r«ll0ll£ (5.11) 

with y,, —» as «—> oo. On one hand, by Lemma 3.4, we have 

r Fix, v„) r F{x, Mo) 

I — flx — > — dx as « — > oo. (5.12) 

Here and in the sequel, we do not distinguish sequence and subsequence. On the other hand, 
since v„ mq weakly in E, it follows from the Holder inequality and Lemma 2.4 that 

Xhv„dx — > I huodx. as « — > oo. (5.13) 
Inserting ( I5.12l i and ( 15.13b into ( 15.111 ). we obtain 

7:l|v«||£ = Cm + r ^'^1^1^°'' ^^ + ^ r huodx + o„(l). (5.14) 
In the same way, one can derive 

XF(x, Mo) f 
— — ^ — dx + e I huodx + o„{l). (5.15) 

Combining ( 15.141) and (15.151) . we have 

l|v„||^ - IImoII^ ^N(cm-c,+ o„(l)) . (5.16) 

From Step 2, we know that as e ^ 0. This together with ( 15.2b leads to the existence of 
eo : < eo < 63 such that if < e < eo, then 

0<CM-c.<l(^^r. (5.17) 
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■^\\u„\\e = + 



Write 



Wo 



Mo 



It follows from (15.16b and v„ ^ uq weakly in E that w,, ^ wo weakly in E. Notice that 



[ 



-dx 



-j 



By (15.16b and (15.17b . a straightforward calculation shows 

/3' 



dx. 



lim aol|v„||/-' (l - llwoll^)"-' < (l - ^^N. 



Whence Lemma 2.3 together with Lemma 2.1 implies that ^^A^, ao|v„|^^*'^ is bounded in 

L«(R^) for some ^ > 1. By (Hi), 

\f(x,v„)\ < bi\v„f-' +b2mao\Vn\^)- 

Then it follows from the continuous embedding E ^ D\M.^) for all /? > 1 that f{x, v„)/\xf is 
bounded in L*'(M'^) for some qi: 1 < qi < q. This together with Lemma 2.4 and the Holder 
inequaUty gives 



f 



fix, v„)(v„ - Up) 
\xf 



dx. 



fix, v„) 



\xf 



0, 



(5.18) 



where 1/qi + l/q[ - 1. 

Taking (p = v„ - uq in ( 15.111 ). we have by using (15.13b and (15.18b that 

r (|Vv„r2 Vv„V(v„ - mo) + Vix)\v„f-\„iv„ - Mo)) dx ^ 0. 
Jr« ^ ' 

However the fact v„ ^ mo weakly in E leads to 

f (|VMor"^VMoV(v„ - Mo) + y(x)|Mor"^Mo(v„ - Mo)) dx ^ 0. 
Subtracting ( 15.20b from ( 15.191 ). using the inequality ( 15.101 ). we have 



(5.19) 



(5.20) 



This together with ( 15.16b implies that 



l|v„ - moIIe ^ 0. 



Cm = 



which is absurd since cm > and < 0. Therefore we end Step 3 and complete the proof of 
Theorem 1.2. □ 
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